ABSTRACT Cloud Radio Access Network (CRAN) is a promising approach to cope with the challenges of next generation mobile communications. This paper studies the downlink ergodic rate of a (N , K ) virtual cell-based CRAN, in which each mobile station (MS) selects the N closest remote radio heads (RRHs) to form its virtual cell and the K (K ≤ N ) closest RRHs will serve the target MS cooperatively with a total transmit power constraint. Using the stochastic geometry, the locations of RRHs and MSs are modeled as two independent Poisson point processes, respectively. Then, a computationally tractable integral expression is derived for the downlink ergodic rate of the (N , K ) virtual cell-based CRAN. The analytical expression indicates that in the interference limited regime, the ergodic rate only relies on the MS to RRH intensity ratio and is independent with the individual intensity of either the RRH or the MS. Therefore, without deteriorating the downlink ergodic rate significantly, the number of simultaneously served MSs can be improved by increasing the RRH intensity. Specially, when there is only one RRH in each virtual cell, the analytical expression reduces to the ergodic rate expression for the conventional cellular networks. Numerical results indicate that the cooperation among multiple RRHs within each virtual cell can improve the downlink ergodic rate significantly.
I. INTRODUCTION
The exponentially growing data demands challenge the designers of next generation (5G and B5G) mobile communication systems [1] . To support large numbers of mobile stations (MSs) with high-data-rate applications, many innovative approaches have been proposed, such as millimeter wave (mmWave) [2] , [3] , massive multiinput-multi-output (MIMO) [4] - [6] and cloud radio access networks (CRAN) [7] - [9] . Among them, CRAN has drawn much attention because of its potentials in enhancing system performances. Unlike the traditional cellular communication systems, in CRAN systems, a central data center works with multiple remote radio heads (RRHs) by connecting through optical fibre and the MSs are served by the RRHs. Replacing the baseband units in the current systems by the central data center improves the power efficiency significantly. Meanwhile, the cost of the system is lowered due to the use of simpler and cheaper RRHs [10] . Recent academic studies have shown that the CRAN has potential advantages in capacity, power consumption, coverage rate, and outage probability [11] - [13] . Without any doubt, the CRAN can enhance system performances significantly and will become a very promising key technique in future wireless communication systems.
When each of the RRH has a single antenna, the CRAN is similar to the distributed antenna systems (DASs). There has been works published on the performance analysis of DAS. Some assumptions are often made to reduce the difficulty of mathematical derivations and simplify the computational complexity of analytical expressions. Many studies assumed the RRHs are placed evenly and symmetrically in the whole coverage area of DAS. Moreover, the MSs were assumed to be distributed uniformly. Based the above simplified models, Dai et al. derived the analytical outage probability expressions for the uplink and downlink of code division multiple access (CDMA)-DASs [14] . Choi and Andrews analyzed the ergodic capacity for the downlink DASs [15] . Wang et al. studied the spectral efficiency of distributed multi-input multi-output (MIMO) systems [16] . However, in many practical situations, the RRHs cannot be placed regularly and they are likely to be placed almost randomly. Guo and Haenggi showed that the spatial patterns exhibited by actual antenna locations in different geographical places can be accurately fitted to random spatial patterns obtained via stochastic geometry [17] . Furthermore, in wireless communication systems, if the active MSs are independently scattered, their locations are well modeled by a Poisson point process (PPP) [18] . Exploiting the tractability of stochastic geometry, many notable results are obtained for wireless networks [19] - [23] . The modeling of stochastic geometry for wireless networks has been widely accepted by both academia and industry, which motivated the application of stochastic geometry in the performance analysis of DAS. Zhang and Andrews modeled the distributions of RRHs and MSs as a binomial point process (BPP) and a PPP, respectively [18] . Then, the outage probability are analyzed for the downlink of DAS. Lin and Yu studied the downlink spectral efficiency of DAS where the RRHs and MSs are distributed as two different PPPs [24] . It should be noted that the analysis in [18] and [24] are targeted for two transmission strategies: selective transmission (where just one of the RRHs is used) and blanket transmission (where all RRHs in the cell broadcast the data). Peng et Al. analyzed the ergodic capacity of CRAN for selective transmission and N -nearest transmission [25] . Khan et al. analyzed the outage probability of CRAN for selective transmission, blanket transmission and minimal RRHs transmission [7] . He et al. modeled the RRHs as a Matérn Hard-Core point process, and analyzed the outage probability of CRAN for blanket transmission, best RRH selection transmission and nearest RRH selection transmission [8] . It should be noted that the CRANs analyzed in [7] , [8] , and [25] considered only a single MS and all the RRHs were distributed in a disc with a fixed radius. If each MS selects its closest several RRHs to form its virtual cell and the cell range is unfixed, it will be more flexible for the networks to control the out-cell interference. Moreover, compared to blanket transmission, if only a fraction of the RRHs at the virtual cell center serve the MS cooperatively and the RRHs at the virtual cell edge mute, the system complexity decreases as well as the out-cell interference. What impact the virtual cell structure will have on the cellular system performance exactly is still being a question. To the best of our knowledge, the ergodic rate of cooperation transmission strategy among a fraction of RRHs in each virtual cell has not been analyzed with the modeling of stochastic geometry.
The purpose of this paper is to analyze the downlink ergodic rate of a (N , K ) virtual cell based CRAN, in which each MS selects its N closest RRHs to form its virtual cell and the K closest RRHs will serve the target MS. This paper takes the RRH and MS location randomness and the cooperation among the multiple serving RRHs into account. Moreover, the serving K RRHs have a total transmit power constraint. The main contributions are summarized as follows:
• A closed-formed joint probability density function (PDF) is derived for the distances between the RRHs in a virtual cell and their serving MS. Using the derived PDF, the distribution of the distance between MS and its serving RRHs can be obtained easily for further analysis.
• By modeling the locations of the RRHs and MSs as two independent homogenous PPPs, we derive an analytical expression for downlink ergodic rate of the (N , K ) virtual cell based CRAN. The analytical expression is a general expression which embraces the special cases of the selective transmission (K = 1) and the blanket transmission (K = N ). In particular, the case where N = K = 1 corresponds to the conventional cellular networks.
• The obtained analytical expression reveals that the downlink ergodic rate is a monotonically decreasing function of the MS to RRH intensity ratio. Moreover, in the interference limited regime where the thermal noise is neglected, the ergodic rate only relies on the MS to RRH intensity ratio, but is independent with the individual intensity of either the RRH or the MS. The rest of this paper is organized as follows. The system model is introduced in Section II. After deriving the joint distance PDF of RRHs in serving virtual cell, the downlink ergodic rate of the virtual cell based CRAN is analyzed in Section III. Numerical results are presented in Section IV, and conclusions are drawn in Section V.
Throughout this paper vectors are indicated by bold. Expectation operator is denoted by E{·}, and in particular E x {·} denotes expectation with respect to the random variable x. The superscript (·) H denotes conjugation and transposition.
II. SYSTEM MODEL
Consider a CRAN where all the RRHs are arranged according to some homogeneous Poisson point process (PPP) with intensity λ in the Euclidean plane R 2 . Each RRH is connected to one central processor via fiber optics or a dedicated RF link. All MSs are also assumed to be randomly distributed in the Euclidean plane. Due to the implementation limitation, all MSs are assumed to be equipped with only one single antenna and each MS selects the N closest RRHs to form its virtual cell as shown in Fig.1 . All RRHs of all virtual cells share the same spectrum to transmit data. Since each RRH cannot belong to different virtual cells, it is reasonable to assume that virtual cells are non-overlapping. In practical systems, the non-overlapping among all virtual cells can be guaranteed by the admission control procedure. The point process of active MSs is denoted by U . In order to minimize the inter-cell interference and improve the received signal quality, each virtual cell only selects the K (1 ≤ K ≤ N) closest RRHs to serve its MS and the remainders mute. For MS i ∈ U , let V i be its associated virtual cell and r ijk (i,j ∈ U , k = 1, · · · , N) be the Euclidian distance between MS i and the k th RRH of the virtual cell V j . Without loss of generality, we assume that r ii1 < r ii2 < · · · < r iiN . During the transmission, channel impairments, such as frequency selective fading, Doppler spread, degrade the quality of received signals [26] , [27] . In this paper, the channel model only takes path-loss and fast-fading into account for the feasibility of tractable analysis. Accordingly, the channel impulse response between MS i and the k th RRH of the virtual cell V j can be modeled as
where α is the path-loss exponent with α > 2, g ijk and θ ijk are the power fading and the phase between MS i and the k th RRH of the virtual cell V j , respectively. The power fading follows an independent identically distributed (i.i.d.) exponential distribution with mean µ [28] . This paper focuses on the downlink performance analysis. The received signals of MS i can be written mathematically as
where
is the transmitted signal vector from the virtual cell V i to its serving MS, i.e., MS i,
is the channel gain vector from the virtual cell V j to MS i, and z i is the additive white Gaussian noise (AWGN) at MS i. Note that the first term in (2) is the desired signal for MS i and the second one is the interfering signal from other virtual cells.
Full channel state information (CSI) is assumed to be perfectly known at the transmitter side. With the linear precoding, x i in (2) can be written as
where s i is the information symbol for MS i, and
T is the transmit weighting vector with
Each virtual cell has a total transmit power constraint, and the total transmission power of all serving RRHs in V i satisfies
Moreover, the maximum ratio transmission (MRT) strategy in [29] is adopted for all virtual cells. Accordingly, the transmit weighting vector can be obtained by
where (·) H denotes the conjugate transpose.
III. DOWNLINK ERGODIC RATE ANALYSIS
To analyze the downlink ergodic rate of virtual cell based CRANs, we consider a typical MS denoted as MS 0 which is located at the origin. As a result of Palm probabilities of a Poisson process, conditioning on the event of a node lying at the origin does not affect the statistics of the rest of the process [19] . Moreover, due to the stationary of the Poisson process, the statistics of signal received by MS 0 are also sensed by all other MSs. The signal-to-interference-and-noise ratio (SINR) received at MS 0 side can be expressed as
where P (S) 0 is the desired signal power of MS 0, P
0 is the interference power from other virtual cells, and σ 2 n is the thermal noise. Accordingly, the downlink ergodic rate of typical MS 0 can be defined as
In the following, this section will first derive the joint distribution of the distances between the typical MS 0 and the RRHs in its virtual cell, and then analyze the downlink ergodic rate of virtual cell based CRANs. To simplify the following expression, all 0s in the subscripts are omitted for MS 0. That is, the distance and power fading from its k th nearest RRH to MS 0 r 00k and g 00k , are simplified to r k and g k for k ∈ Z + , respectively.
A. JOINT DISTRIBUTIONS OF THE DISTANCES BETWEEN RRHs IN VIRTUAL CELL AND THEIR SERVING MS
In the considered (N , K ) virtual cell based CRAN, all RRHs are distributed according to a homogeneous PPP with intensity λ. According to (21) and (30) in [30] , the PDF of r k and the joint PDF of r 1 , r 2 , · · · , r N can be derived respectively as
and In the following ergodic rate analysis, it can be found that the joint distance distribution of all serving RRHs and the N th nearest RRH is required, which is derived as Theorem 1.
Theorem 1: The joint PDF of r 1 , · · · , r K , r N is expressed in (10) at the bottom of this page.
Proof: The proof is given in Appendix A.
B. ERGODIC RATE
From (2), the desired signal power of MS 0 can be calculated as
where b(x, r) is the ball centered at the location of MS i with radius r. The direct mathematical derivation of P (I) 0 is complex. Refer to [31] , the interference is described as SN [19] generated by a point process outside a ball of radius r N . At the receiver of MS 0, the interference power from V i can be expressed mathematically as (12) where P ik is the transmitted power of the k th RRH in V i . Accordingly, the total interference power from all the interfering virtual cells is
As shown in Fig.2 , when MS i is far from MS 0, the distances between the serving RRHs in V i and MS 0 is approximated with that between MS i and MS 0. Motivated by the far-field characteristics [31] , an interference approximation is made by assuming that all RRHs in each virtual cell are co-located with their serving MS and merged into a single transmitter. Mathematically, P (I) 0i can be estimated as
where R i and G i are the distance and exponential power fading from MS i to MS 0, respectively. Accordingly, the interference from all other virtual cells (interfering virtual cells) can be approximated as
According to (11) and (15), (6) can be rewritten as
P is the normalized thermal noise. Substitute (16) into (7), the downlink ergodic rate of the (N , K ) virtual cell based CRAN can be further derived as
The Laplace transform (LT) of Z K is
The detailed derivation of (18) can be found in Appendix C. The LT of I N is
Moreover, if U is assumed to be a homogeneous PPP with intensity λ U , (19) can be further derived as
The detailed derivations of (19) and (20) can be found in Appendix D. Remark 1: When the virtual cells are non-overlapping, the locations of active MSs are correlated, and cannot form a PPP.
However, as mentioned in [22] 
Proof: The proof is given in Appendix B. The MS intensity to the RRH intensity ratio can be defined as
For the (N , K ) virtual cell based CRAN, each MS is associated with a virtual cell consisting of N RRHs. Therefore, we have
Furthermore, if U is a homogeneous PPP with intensity λ U , we further obtain Theorem 3.
Theorem 3: For the (N , K ) virtual cell based CRAN, if the MSs follow a homogeneous PPP with intensity λ U , the downlink ergodic rate is
β (t; α) = t
and B N ,K (t; α) is expressed in (27) at the bottom of this page. Proof: The proof is given in Appendix E.
Corollary 1: The ergodic rate of the (N , K ) virtual cell based CRAN is a monotonically decreasing function of the MS to RRH intensity ratio ρ.
Proof: It can be found from (25) and (27) that A (t; α) is a monotonically decreasing function of ρ and B N ,K (t; α) is independent with ρ. Therefore, the ergodic rate in (24) is a monotonically decreasing function of the MS to RRH intensity ratio ρ.
Remark 2: ρ indicates the MS load situation of the CRAN. When the MS load increases heavy, ρ increases. In particular, ρ = 0 indicates there is only one MS in the CRAN, and ρ = 1 N indicates the MS load is saturated. When ρ increases, the number of simultaneously served MSs increases, which introduces more interference among different virtual cells. The increase of interference power deteriorates the received SINR by MS such that the ergodic rate decreases.
1) SPECIAL CASE: NOISE, α = 4
With a particular path-loss exponent α = 4, β (t; α) can be simplified as
A (t; α) can be simplified as (29) and B N ,K (t; α) can be simplified as (30) at the bottom of this page. Therefore, for some particular combinations of (N , K ), B N ,K (t; α) can also be presented in closed-forms so that C(N , K ) may be rewritten as a single integration expression. Obviously, the computation complexity of the ergodic rate can be reduced significantly.
2) SPECIAL CASE: NO NOISE, α > 2
In the interference limited regime, the thermal noise is neglected. Thus, A (t; α) can be simplified as
Corollary 2: In the interference limited regime, the ergodic rate of the (N , K ) virtual cell based CRAN only relies on the the MS to RRH intensity ratio ρ, but is independent with the individual intensity either of the RRH or the MS.
Proof: It can be found from (31) that the expression of A (t; α) only contains the variable ρ and does not contain the variables λ and λ U .
Remark 3: Corollary 2 means that increasing both the number of MSs and the number of RRHs proportionally does not affect the downlink ergodic rate when the thermal noise is neglected. The reason is the increase of desired power is exactly counter-balanced by the increase of interference power. This matches the empirical observations in interference limited networks that increasing ergodic rate typically requires interference management techniques.
3) SPECIAL CASE: K = 1
In this case, the MS is only served by its nearest RRH. B N ,K (t; α) can be simplified as (32) at the bottom of this page. Moreover, if each virtual cell contains only one RRH, e.g. N = 1, and the SNR of typical MS is high enough, e.g. the thermal noise is neglected, the downlink ergodic rate can be derived as
Particularly, if α = 4 and ρ = 1, (33) can be further simplified as
which is the same as the ergodic rate (17) in [22] . In other words, the ergodic rate expression in [22] is a special case of (24) . 
IV. NUMERICAL RESULTS
In this section, the theoretical and simulation results of the downlink ergodic rate of the (N , K ) virtual cell based CRAN are presented. The impacts of several factors on the ergodic rate are illustrated. The thermal noise is neglected. Without loss of generality, we set P = 1 and µ = 1. Fig. 3 shows the ergodic rate versus λ for different (N , K ) when ρ is fixed. It can be seen that the ergodic rate does not change with λ which validates Lemma 1. Intuitively, this means that increasing the number of RRHs does not affect the ergodic rate. The reason is that the increase of the interference power is exactly counter-balanced by the increase of the desired signal power. Therefore, without impairing the downlink ergodic rate, the number of MSs served simultaneously can be improved by increasing the RRH intensity. Fig. 4 shows the impact of path-loss exponent α on the ergodic rate. It can be seen that higher rate is achieved with higher α. Because the interfering RRHs are farther than the serving RRH, the interference power is more likely to be decayed. Therefore, a higher α will reduce the interference significantly, which results in the increase of the ergodic rate. 5 shows the ergodic rate versus the MS to RRH intensity ratio ρ. It can be seen that the ergodic rate decreases with the increase of ρ. The reason is that the number of interference RRHs increases with the increase of ρ. However, the desired signal power cannot be changed by adjusting ρ. As a result, the SIR decreases and the ergodic rate declines as well.
The downlink ergodic rate versus different virtual cell sizes (N , K ) are demonstrated in Fig. 6 . It can be seen that the ergodic rate increases with N . The reason is that each served MS will select the nearest RRHs to transmit data. Obviously, the distances between the typical MS 0 and the serving RRHs in its neighboring virtual cells increase with the size of N , which results in the decline of the interference power. Meanwhile, it can be seen that if the size of N is fixed, the ergodic rate increases with K as well. The reason is that more serving RRHs will bring the quality improvement of desired signal. However, when K is large enough, the improvement brought by the (K + 1) th RRH will become very small. This is because the (K + 1) th RRH is so far from the typical MS 0 that the channel quality cannot improve the desired signal quality significantly. It should be noted that the number of MSs served simultaneously decreases with the increase of N and the system complexity increases with the increase of both N and K . Therefore, some tradeoffs between the ergodic rate and the system complexity should be considered in the practical system design.
V. CONCLUSION
In this paper, we analyzed the downlink ergodic rate of the (N , K ) virtual cell based CRANs. By modeling the distributed RRHs and the MSs as two independent homogeneous PPPs, the downlink ergodic rate of CRAN is derived in tractable expressions. The simulation results prove that the theoretical outcome is quite accurate and can provide very well approximation to the realistic system performance without time-intensive simulations. Several important conclusions are drawn as bellow.
• The ergodic rate can be improved by the cooperation among serving RRHs within the virtual cell.
However, the improvement range of the ergodic rate declines with the increase of the serving RRHs. Therefore, some tradeoffs between the ergodic rate and the system complexity should be considered.
• In the interference limited regime, the ergodic rate is independent with the individual intensity of either the distributed RRH or the MS when the MS to RRH intensity ratio is fixed. Without deteriorating the ergodic rate significantly, the number of MSs served simultaneously can be improved by increasing of the intensity of the RRHs.
• The ergodic rate is a monotonically decreasing function of the MS to RRH intensity ratio. Therefore, the ergodic rate can be improved by increasing the intensity of RRHs and/or decreasing the intensity of MSs. In addition, the CRAN can achieve higher downlink ergodic rate with higher path-loss exponent.
APPENDIX A PROOF OF THEOREM 1
For K < N − 1, integrating (9) with r K +1 , · · · , r N −1 , f r 1 ,··· ,r K ,r N (r 1 , · · · , r K , r N ) can be obtained as (A.1) at the top of this page, where the multiple integral is over the domain
and dr = dr K +1 dr K +2 · · · dr N −1 . In step (a), the integrand is a symmetric function of r K +1 , · · · , r N −1 , which can be attributed for the scaling of a factor (N − K ) to the multiple integrals form in step (b) [32] .
APPENDIX B PROOF OF THEOREM 2
Conditioning on the serving RRHs being at distances r 1 ≤ · · · ≤ r K from the typical MS 0 and the interfering RRHs being outside the distance r N , the conditional ergodic rate is
where step (a) follows from Lemma 1 in [33] ln
by replacing z with s (I N + N 0 ).
Step (b) is got by changing the order of integration and expectation operators and step (c) follows the independence of I N , Z K and N 0 given.
APPENDIX C DERIVATION OF (18)
Let
where f z k (z) is the PDF of z k and * is convolution operation. Therefore, the LT of Z K can be obtained as
APPENDIX D DERIVATIONS OF (19) AND (20)
According to [19 
APPENDIX E PROOF OF THEOREM 3
Using (10) and (21), the downlink ergodic rate of (N , K ) virtual cell based CRAN can be rewritten as Substituting (18) and (20) into (21), and using the changes of variables µsr N −α → t, the conditional ergodic rate can be further written as (E.3) at the top of this page.
Substituting (10) 
